The effective action for five-dimensional heterotic M-theory in the presence of five-branes is systematically derived from Hořava-Witten theory coupled to an M5-brane world-volume theory. This leads to a five-dimensional N = 1 gauged supergravity theory on S 1 /Z2 coupled to four-dimensional N = 1 theories residing on the two orbifold fixed planes and an additional bulk three-brane. We analyse the properties of this action, particularly the four-dimensional effective theory associated with the domain-wall vacuum state.
Introduction
A large class of attractive five-dimensional brane-world models can be constructed by reducing Hořava-Witten theory [1, 2, 3] on Calabi-Yau three-folds. This procedure has been first carried out in Ref. [4, 5, 6] and it leads to gauged five-dimensional N = 1 supergravity on the orbifold S 1 /Z 2 coupled to N = 1 gauge and gauge matter multiplets located on the two four-dimensional orbifold fixed planes. It has been shown [7] - [13] that a phenomenologically interesting particle spectrum on the orbifold planes can be obtained by appropriate compactifications.
Early on it has been realized [3] that M5-branes being transverse to the orbifold direction, wrapping a holomorphic curve in the Calabi-Yau space and stretching across the four uncompactified dimensions can be incorporated into this picture. The explicit form of the corresponding 11-dimensional vacuum solutions has been given in Ref. [15] . In the five-dimensional brane-world theory such an M5-brane appears as a three-brane located in the bulk away from the orbifold fixed planes. This provides an interesting generalisation of five-dimensional heterotic brane-world models which has recently attracted some attention [16] - [21] , particularly in the context of cosmology. Some features of such generalised brane-world models have already been analysed in Ref. [15] and used in subsequent applications. The purpose of this paper is to present a systematic derivation of the five-dimensional effective action for these models in its simplest form and discuss its properties.
Starting point for this derivation is Hořava-Witten theory in 11 dimensions coupled to an M5-brane worldvolume theory [22] . The action for this system is obtained by combining results presented in Refs. [2, 24, 23] . We show explicitly that the warped vacua based on Calabi-Yau three folds presented in Ref. [15] can be promoted to solutions of this coupled theory. Given previous results, this amounts to showing that the five-brane sources in the Einstein equation are properly matched and that the five-brane world-volume equations of motion are satisfied.
We obtain the five-dimensional brane-world theory by performing a reduction on a Calabi-Yau three-fold focusing on the universal sector of the Calabi-Yau zero modes. The result is consistent with previous expectations [15] and represents a five-dimensional N = 1 gauged supergravity on S 1 /Z 2 coupled to the N = 1 theories on the orbifold planes and an additional N = 1 theory located on the three-brane. We verify that the BPS domain-wall of Ref. [4] can be generalised to include the effect of this additional three-brane. The action, as obtained by reduction from 11 dimensions, is expressed in terms of the "step-function" α which represents the mass parameter of the gauged supergravity. For this form of the action, the three-brane is coupled magnetically. We also present a dual action where α is replaced by a four-form with five-form field strength to which the three-brane couples electrically.
Finally, we analyse the four-dimensional N = 1 effective theory associated to the domain-wall vacuum state.
We determine the moduli Kähler potential for the dilaton, the T -modulus and the five-brane position modulus.
Our result agrees with Ref. [25] where somewhat different methods have been employed. In addition, we obtain the explicit relations between the four-dimensional superfields and the five-dimensional component fields which are vital whenever four-dimensional results have to be interpreted in terms of the five-dimensional brane-world theory. We also compute the gauge-kinetic functions for the orbifold gauge fields and find threshold corrections in agreement with Ref. [15, 25] . Finally, we show that the gauge-kinetic function for the three-brane gauge fields does not receive any threshold corrections at leading order and is simply given by the period matrix of the complex curve wrapped by the five-brane.
2 M5-brane coupled to D=11 Supergravity on an Orbifold 1
The 11-dimensional action
In this section, we would like to set the stage by describing our starting point, the effective D = 11 action for M-theory on the orbifold S 1 /Z 2 coupled to a five-brane. In order to derive this action, we can draw information from two main sources, namely the Hořava-Witten (HW) action [1, 2] for M-theory on S 1 /Z 2 and the action for D = 11 supergravity coupled to a five-brane due to Bandos, Berkovits and Sorokin [23, 24] . Combining these two results it not completely straightforward and requires a careful analysis of the various symmetries involved.
A detailed account of this will be given in a forthcoming work [35] . Here we will merely present the final result for the bosonic part of this action which reads
The structure of 11-dimensional space-time in this action is M = M 10 × S 1 /Z 2 where M 10 is ten-dimensional space-time and we work in the upstairs picture. As usual, we define the orbifold coordinate y = x 11 to be in the range y ∈ [−πρ, πρ] and let the Z 2 orbifold symmetry act as y −→ −y. This leads to the two fixed ten-dimensional hyperplanes M 1 10 and M 2 10 located at y = y 1 = 0 and y = y 2 = πρ, respectively. Further, we have a single fivebrane 2 with world-volume M 6 plus its Z 2 mirror with world-volumeM 6 which originates from M 6 by applying the orbifold map y −→ −y. This latter mirror five-brane is required by consistency in order to keep the theory Z 2 symmetric. Further, to avoid the appearance of additional states [26] , we demand that the five-brane worldvolume does not intersect either of the two orbifold fixed planes. We use indices I, J, K, . . . = 0, . . . , 10, 11 for 11-dimensional space-time with coordinates x I and indices m, n, p, . . . = 0, . . . , 5 for the five-brane world-volume with coordinates σ m .
Let us now discuss the various sectors of the above action in some detail. The bulk fields consist of the fields of 11-dimensional supergravity, that is the Z 2 -even 3 11-dimensional metric g IJ , the Z 2 -odd three-index antisymmetric tensor field C IJK and the gravitino Ψ I , subject to the usual Z 2 truncation [2] . The standard relation G = dC between C and its field strength G will be modified due to the presence of source terms and this will be explicitly presented shortly. Anomaly cancellation requires the two orbifold fixed planes M k 10 to each carry a 10-dimensional N = 1 E 8 gauge multiplet [2] , that is an E 8 gauge field A k with field strength F k and gauginos χ k , where k = 1, 2. The Yang-Mills coupling λ is fixed in terms of the 11-dimensional Newton constant κ by [2, 27, 28] 
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The five-brane world-volume fields consist of the embedding coordinates X I = X I (σ m ) together with the fermions θ and the two-index antisymmetric tensor field B mn . The five-brane part of the above action is written in the 1 For the bulk fields we adopt the normalisation of Ref. [23] . The normalisation chosen by Hořava and Witten [2] is obtained by the rescaling g HW = 2 −2/9 g, C HW = C and G HW = 2 1/6 G. 2 The generalisation to include an arbitrary number of five-branes is straightforward and will be covered in Ref. [35] . 3 We call a tensor field Z 2 -even if its components orthogonal to the orbifold are even, otherwise we call it Z 2 -odd.
form due to Pasti, Sorokin and Tonin (PST) [14] which requires the introduction of an auxiliary scalar field a and an associated unit vector field v m defined by
The presence of this field enhances the symmetries of the action such that a is truly auxiliary and that fixing one of the symmetries turns the equation of motion for B into the self-duality condition * H = H. For this to actually work the Wess-Zumino term dB ∧Ĉ must be present. For simplicity, we have chosen to present a linearised form of the PST action as is appropriate for our subsequent discussion. Here we will not consider any further details of the PST-formulation and how precisely it relates to the derivation of our action (2.1), but instead refer to
Ref. [35] for a detailed discussion. As usual, the metric γ mn is the pull-back
of the space-time metric g IJ . Further, the field strength H of B is defined by
whereĈ denotes the pull-back of the bulk field C, that is,
The five-brane tension T 5 can be expressed in terms of the 11-dimensional Newton constant as
Having introduced all fields we should now specify the source terms in the definition of the bulk antisymmetric tensor field strength. To this end, we introduce
The field strength G is defined as in pure HW theory without five-branes, that is, it only contains the "Yang-Mills" sources ω YM which originate from the orbifold fixed planes and are given by
with the "Chern-Simons" forms ω k satisfying
where k = 1, 2. The field strength G, on the other hand, contains both orbifold and five-brane sources where the latter are defined by
Here Θ(M 6 ) is the θ-function associated with the five-brane world-volume M 6 . In analogy with the ordinary one-dimensional θ-function it satisfies the relation
where δ(M 6 ) is the δ-function supported on M 6 (Analogous expression hold forM 6 .). For later calculations it will be useful to explicitly express these functions in terms of the embedding coordinates X I by writing
We see that the definition of Θ(M 6 ) and, hence, our action (2.1) involves a seven-manifold M 7 which is bounded by the five-brane world-volume M 6 , that is, ∂M 7 = M 6 . This seven-manifold is the analogue of a Dirac-string for a monopole in Maxwell theory and is also referred to as Dirac-brane [29, 30] . There may be a problem in that the action depends on the particular choice of the Dirac-brane. A prescription to resolve this ambiguity has been proposed in ref. [24] . Since our subsequent considerations do not depend on how precisely the Dirac-brane is defined we will not consider this point in any further detail. The constant k in the above definitions for the field strengths is again fixed in terms of the 11-dimensional Newton constant and is given by
From the definition (2.8) we can now write the Bianchi identity
for G which will be important later on. The relative factor 1/2 between the orbifold and five-brane sources accounts for the fact that the five-brane and its mirror really represent the same physical object and should, therefore, not be counted independently.
Symmetries
Let us discuss the symmetries of the action (2.1) some of which will become relevant later on.
In the following we would like to check the BPS property of certain solutions, hence we will need the (bosonic part) of the supersymmetry transformations which we explicitly present for completeness. For the gravitino Ψ I , the E 8 gauginos χ k on the two orbifold fixed planes and the five-brane world-volume fermions θ they are, respectively, given by
where the projection operators P ± satisfying P + + P − = 1 are defined by
For simplicity, we have stated these projection operators for the later relevant case H = 0. The general expressions can be found in Ref. [32] . In the above equations the spinor η parametrises supersymmetry transformations.
The five-brane world-volume theory is also invariant under an additional fermionic symmetry, namely local κ- Besides supersymmetry the action is also, up to total derivatives, invariant under the following gauge variations
where Λ (1) is an arbitrary one-form. The two-form Λ (2) has to be Z 2 -odd in order to ensure that the Z 2 properties of C are preserved under the above transformation.
There are two more symmetries on the world-volume of the M5-brane, namely the "PST-symmetries" given
where φ (1) and ϕ are an arbitrary one-form and a scalar, respectively. As previously mentioned, these symmetries ensure that the self-duality of H follows from the equations of motion and that a is an auxiliary field.
3 Calabi-Yau background in D = 11
The solution
Background solutions of heterotic M-theory based on Calabi-Yau three-folds which respect four-dimensional
Poincaré invariance and N = 1 supersymmetry were first presented in Ref. [3] . This paper also demonstrated how to include five-branes in those backgrounds while preserving the four-dimensional symmetries. The explicit form of these solutions was subsequently given in Ref. [15] . All these result were based on the original action derived by Hořava and Witten [2] which does not explicitly include any five-brane world-volume theories. The effect of five-branes on the supergravity background was incorporated by modifying the Bianchi-identity of G to include the five-brane sources as in Eq. (2.17). The main purpose of this section is to proove that the solutions obtained in this way can indeed be extended to solutions of the full action (2.1) which does include the five-brane world-volume theory. Practically, this amounts to showing that these solutions correctly match the five-brane source terms in the Einstein equations and that the five-brane world-volume equations of motion are satisfied.
Following Ref. [15] , let us start reviewing the solutions which are constructed as an expansion in powers of κ 2/3 .
At lowest order, we consider the space-time structure hence, do not contribute at lowest order. At the next order, however, these source terms have to be taken into account and, as a consequence, the field strength G becomes non-vanishing. This induces corrections to the metric which can be computed requiring that N = 1 supersymmetry is preserved and, hence, that the gravitino variation (2.18) vanishes. The size of these corrections is measures by the strong-coupling expansion parameter
where v = X √ Ω is the Calabi-Yau volume.
We should now specify the full solutions (to order ǫ S ) and we start with the gauge fields on the orbifold planes. In general, we have non-trivial holomorphic vector bundles on the Calabi-Yau space. These bundles correspond to gauge field backgroundsĀ k in the Calabi-Yau directions which preserve supersymmetry and are, hence, constrained by a vanishing gaugino variation (2.19) . This implies that their associated field strengthsF k are (1, 1) forms on the Calabi-Yau space. Then, the orbifold sources J k in the Bianchi-identity are (2, 2) forms given by
where R (Ω) is the Calabi-Yau curvature tensor associated with the metric Ω.
Next, we should consider the five-brane world-volume fields. Guided by the structure of our action (2.1),
we focus on a single five-brane (and its Z 2 mirror) which is taken to be static and parallel to the orbifold fixed planes. Furthermore, two spatial dimensions of the world-volume M 6 wrap around a holomorphic two-cycle C 2 of the internal Calabi-Yau space X and the remaining four dimensions stretch across the external Minkowski space-time M 4 . Accordingly, we split the five-brane coordinates σ m into external and internal coordinates, that is, σ m = (σ µ , σ i ) where µ, ν, ρ, . . . = 0, . . . , 3 and i, j, . . . = 4, 5. Further, we define holomorphic and antiholomorphic coordinates σ = σ 4 + iσ 5 andσ = σ 4 − iσ 5 . With these definitions, the five-brane embedding is specified by
where Y ∈ [0, πρ] is a constant, X a (σ) parametrises the holomorphic curve C 2 and the two signs in the last equation account for the five-brane M 6 and its mirrorM 6 . The world-volume two-form B is taken to vanish in the background. It can be explicitly shown [15] that this configuration preserves supersymmetry on the five-brane by choosing κ = −η in the variation (2.20) and verifying that P − η = 0. The five-brane source in the Bianchi identity then takes the specific form
The embedding (3.3) implies that J 5 is a (2, 2) form on the Calabi-Yau space as well. 
where
where c is a constant and the charges α k are defined by
for k = 1, 2, 5. From the Bianchi identity (2.17) these charges must satisfy the cohomology condition
We would now like to demonstrate that the above configuration which was mainly obtained by requiring unbroken N = 1, D = 4 supersymmetry is indeed a solution of the equations of motion derived from the action (2.1). Given previous results [33] , what remains to be shown is that the five-brane sources in the Einstein equation are properly matched and the five-brane world-volume equations of motion are satisfied. To verify the former we should consider the singular terms in the Einstein tensor which turn out to be
These terms have to be compared with the five-brane stress energy tensor which, in general, is given by
Evaluating this expression for the embedding (3.3) leads to
with the other components vanishing. In view of Eqs. 
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The µ and A components of this equation turn out to be trivially satisfied for our solution and it remains to check the 11 component. Using the expressions
for the connection along with the embedding (3.3) and the background (3.7) for G this can indeed easily be done.
In summary, we have, therefore, explicitly verified that the above background configurations are indeed solutions of the action (2.1).
Including moduli
In view of the reduction to five dimensions to be carried out shortly we will now identify the (bosonic) moduli fields of the above background solutions. We will use indices α, β, γ = 0, . . . , 3, 11 to label five-dimensional coordinates.
Let us start with the bulk fields. As mentioned earlier, we focus on the universal Calabi-Yau sector for simplicity, that is, we are considering Calabi-Yau spaces with h 1,1 = 1. The general case will be examined in
Ref. [35] . By absorbing the corrections into the five-dimensional moduli as explained in Ref. [4] the metric can be written as
where the Calabi-Yau volume modulus V and the five-dimensional metric g αβ are functions of the five-dimensional coordinates x α . From the bulk antisymmetric tensor field C we have, in five dimensions, a three form C αβγ with field strength G αβγδ , a vector field A α with field strength F αβ and a complex scalar field ξ with field strength X α . These fields are defined by
where ω ABC is the harmonic (3, 0)-form on the Calabi-Yau space.
We now turn to the boundary theories. We have already mentioned that, on both boundaries, we have internal gauge bundles on the Calabi-Yau space. The external parts of the gauge fields, denoted by A kµ with field strengths F kµν , lead to gauge fields on the now four-dimensional orbifold fixed planes M k 4 , where k = 1, 2. Their gauge groups are given by the commutants of the internal structure group within E 8 . For simplicity, we will not consider any gauge matter fields on M k 4 , although they will be included in [35] . Next we should discuss the zero modes on the five-brane world-volume. The five-brane is allowed to fluctuate in five external dimensions, while internally it can move within the Calabi-Yau space. This leads to the following set of embedding coordinates
where M is a set of moduli which parametrises the moduli space of holomorphic curves with a given homology class [C 2 ] for the Calabi-Yau space under consideration [9, 10, 31] . In our low-energy effective action, we will not explicitly take these moduli into account. The three-brane surface in five-dimensional space specified by the above embedding coordinates X α is denoted by M 5 4 . Using the above embedding and the bulk metric (3.16) we find the following non-vanishing components of the induced world-volume metric
There are also a number of moduli arising from the two-form B which can be determined from the cohomology of the two-cycle C 2 . We introduce a basis λ U of H 1 (C 2 ) where U, V, W, . . . = 1, . . . , 2g and g is the genus of C 2 while the pull-backω of the Calabi-Yau Kähler form to the two-cycle C 2 provides a basis for H 2 (C 2 ). Then we find the two-form B µν with field strength H µνρ , 2g Abelian 5 vector fields D U µ with field strengths E U µν and a scalar s with field strength j µ as the low-energy fields on the three-brane M 5 4 . These fields are defined by
Due to the self-duality condition * H = H these four-dimensional fields are not all independent. In order to work out the relations between them we split the 2g vector fields into two sets, that is, we write (
where u, v, w, . . . = 1, . . . , g. Then, we find that the self-duality condition reduces to
where the star is the four-dimensional Hodge-star operator and Π vw is the period matrix of the complex curve C 2 .
To define this matrix we denote by (a w , b w ) a standard basis of H 1 (C 2 ) consisting of α and β cycles and introduce a set of one-forms (α w ) satisfying au α w = δ uw . Then the period matrix is given by
For the case of a torus, g = 1, the period matrix is simply a complex number which can be identified with the complex structure τ of the torus. Shortly, we will use the relations (3.21) and (3.22) to eliminate half of the vector fields as well as B µν in favour of s from our low-energy effective action to arrive at a description in terms of independent fields.
The remaining bosonic world-volume field we should consider is the auxiliary scalar field a. If we want the normal vector v to be globally well defined, we cannot allow it to point into the internal directions of the two-cycle only. This is because generally there need not exist a nowhere vanishing vector field on a Riemann surface, as the simple example of a sphere S 2 already demonstrates. Hence, we will take a to be independent of the internal coordinates and require it to be a function of the external coordinates only, that is, a = a(σ µ ). It turns out that this field will drop out of the five-dimensional effective action after eliminating half of the degrees of freedom 6 , using Eqs. (3.21) and (3.22) .
The last ingredient we need to discuss is the non-zero mode (3.7). It consists of the purely internal part of the four-form gauge field strength, but since we now allow the five-brane to fluctuate it must be slightly generalised.
To this end we define the function
where dΘ(M 
The five-dimensional theory
Based on the above background solutions, we would now like to derive the five-dimensional effective action and discuss its properties.
The action
Let us start by explaining how the previously identified moduli fields fit into super-multiplets. In the bulk, we have D = 5, N = 1 supergravity with a gravity multiplet (g αβ , A α , Ψ i α ) consisting of the graviton, the gravi-photon A α with field strength F αβ = (dA) αβ and the gravitino Ψ three-form C αβγ with field strength G αβγδ . The field strength of the complex scalar ξ is denoted by X α = dξ and ζ i are the fermions. We note that, from their 11-dimensional origin, the metric and V are Z 2 -even fields, while C αβγ , A α and ξ are Z 2 -odd.
On the four-dimensional fixed planes M k 4 , where k = 1, 2, we have N = 1 gauge multiplets, that is gauge fields A kα with field strengths F kαβ = (dA k ) αβ and the corresponding gauginos. In general, there will also be gauge matter fields in N = 1 chiral multiplets but we will set these fields to zero for simplicity. They will, however, be included in Ref. [35] .
On the three-brane world-volume M . . , g and g is the genus of the curve C 2 wrapped by the five-brane. In general, there will be additional chiral multiplets parametrizing the moduli space of the five-brane curves C 2 but they will not be explicitly taken into account here.
The reduction to five dimensions is not completely straightforward particularly when dealing with the ChernSimons and Dirac-term in the eleven-dimensional action. We have, therefore, performed the reduction on the level of the equations of motion. This gives rise to the following effective five-dimensional action
The five-dimensional Newton constant κ 5 , the three-brane tension T 3 and the gauge coupling constant α GUT are given by
In this action all topological terms are written in differential form whereas all other contributions are given in component form. The hat denotes the pull-back of a bulk antisymmetric tensor field to the three-brane worldvolume. The induced metric γ µν on the three-brane world-volume is, as usual, defined by
The field strength G satisfies the non-trivial Bianchi identity
with the Yang-Mills Chern-Simons form ω YM defined by the relation
Unlike its 11-dimensional counterpart (2.17), this Bianchi has only contributions from the orbifold planes since, in five dimensions, the bulk three-brane cannot provide a magnetic source for a four-form field strength. We note, that the Bianchi identities for F and X also become non-trivial once gauge-matter fields on the orbifold planes are taken into account [5] . The matrix Π specifying the gauge-kinetic function on the three-brane is the period matrix defined in Eq. (3.23). We recall that the step-function α in the above action has been defined in Eq. (3.24) and that the charges α k satisfy the cohomology condition
Finally, all higher-curvature terms have been dropped from the above action.
Let us now discuss a few elementary properties of the above action. By construction, this action must represent the bosonic part of a five-dimensional N = 1 supergravity theory on the orbifold S 1 /Z 2 coupled to two four-dimensional N = 1 theories on the orbifold fixed planes and an additional N = 1 supersymmetric threebrane. First we note that once the three-brane is taken away this action reduces, up to rescalings 7 , exactly to 7 The rescalings are
the action of Ref. [4] , as it should. The explicit proof that the bulk theory has indeed the correct supergravity structure can be carried out as in Ref. [4, 5] by dualising the three-form C αβγ to a scalar σ. This scalar together with its super-partners V and ξ can then be shown to parametrise the standard universal hyper-multiplet coset SU (2, 1)/SU (2) × U (1). Moreover, the shift-symmetry of the dilatonic axion σ is gauged with charge α and the gravi-photon A as the corresponding gauge boson. This can be directly seen from the term αG ∧ A in Eq. (4.3).
Unlike in the case without five-branes the gauge charge changes across the bulk as anticipated in Ref. [15] . From the definition of α, Eq. (3.24), this charge is proportional to α 1 between the first fixed plane and the threebrane and proportional to α 1 + α 5 between the three-brane and the second fixed plane. By supersymmetry, the presence of the bulk potential α 2 V −2 is directly related to the gauging. Note that, similarly to the gauge charge, this potential jumps across the three-brane. Further, it is worth pointing out that, while all tension terms are proportional to V −1 α k , where k = 1, 2, 5, the terms on the fixed planes contain an additional factor of two relative to the three-brane term. This factor reflects the nature of the "boundary branes" as being located on Z 2 orbifold fixed planes.
Symmetries
Let us start with the supersymmetry transformations of the fermions. Their bosonic part can be obtained by either a reduction from 11 dimensions or, most easily, by generalizing the results of Ref. [4] . The latter simply amounts to substituting the function α, Eq. (3.24) into the "massive" terms in the transformations. The result is
where γ α are the five-dimensional gamma matrices and τ i are the Pauli matrices. The variation of the three-brane world-volume spinors θ i (assuming the world-volume fields s and D u vanish) can be obtained by reducing the variation (2.20) which results in
where the projection operators p ± are now given by
(4.14)
Up to total derivatives the action (4.1) is also invariant under the following gauge variations is not surprising since these symmetries have been implicitly gauge-fixed when the self-duality relations (3.21) and (3.22) were used to eliminate half of the degrees of freedom on the three-brane.
The dual form of the action
In our five-dimensional action S 5 , Eq. (4.1), the three-brane is coupled to the gauge charge α defined by Eq. (3.24).
We can promote α to a zero-form field strength which satisfies the Bianchi identity
The three-brane then couples magnetically to this zero-form. In analogy with massive IIA supergravity [34] , there should now be a dual formulation of the action S 5 where α is replaced by a four-form N with five-form field strength M = dN to which the three-brane couples electrically. If a dual version of 11-dimensional supergravity involving only a six-form field existed we could have derived this dual five-dimensional action directly from 11 dimensions.
Such a dual version of 11-dimensional supergravity is not available and, hence, the reduction necessarily leads to the five-dimensional action S 5 written in terms of α. However, there is no obstruction performing the dualisation in five dimensions. This can be done by adding to the action S 5 (with α interpreted as a zero-form field strength) the terms
The equation of motion for N now precisely yields the Bianchi identity (4.16) for α by virtue of which the additional terms (4.17) vanish. As it should, this leads us back to the original action S 5 with α being defined by Eq. (3.24). On the other hand, the equation of motion for α computed from the action S 5 + S α is given by
Using this relation to replace α in favour of M , we arrive at the dual version of our five-dimensional brane-world action (4.1). It is given by
The vacuum solution
In this section, we will review the BPS domain-wall solution of the five-dimensional theory (4.1). This vacuum state is associated with an effective N = 1 four-dimensional theory which we will, in part, determine explicitly.
The supersymmetric domain-wall vacuum state
For the case without additional bulk three-branes, the supersymmetric domain-wall solution of five-dimensional heterotic M-theory has been found in Ref. [4] . We now wish to verify that this result can be extended to include the effect of the bulk three-brane thereby providing a solution of our action (4.1). We start with the following Ansatz for metric and the dilaton
with all other bulk fields vanishing. We have to supplement this Ansatz by a configuration for the three-brane world-volume fields. This simply corresponds to a static three-brane parallel to the orbifold planes, that is
with all other world-volume gauge fields vanishing. The E 8 gauge fields on the boundaries are turned off as well.
With this Ansatz one indeed arrives at an exact solution of the action (4.1) where a, b and V are explicitly
given by
and the function h has been defined in Eq. (3.8). In particular, one can check that the new features arising from the presence of the three-brane are properly taken into account. Specifically, the three-brane world-volume equations of motion are satisfied and the three-brane sources in the Einstein equation are properly matched.
This solution represents a triple domain-wall matching not only the sources on the orbifold fixed planes but, in addition, it matches the bulk three-brane source and its mirror source. This can be explicitly seen from the function h which satisfies This solution is also a BPS state of the theory since it preserves four of the eight supersymmetries. This can be verified by using Eqs. (4.11) and (4.12) for the bulk fermions and Eq. (4.13) with κ i = −ǫ i for the three-brane world-volume fermions. The Killing spinor is explicitly given by
where ǫ i 0 is a constant spinor.
The four-dimensional effective theory
The above domain-wall vacuum state is associated with an N = 1 effective four-dimensional theory describing fluctuations around this state. We would now like to compute some aspects of this four-dimensional theory.
The bosonic moduli fields from the bulk are the four-dimensional metric g µν , the Calabi-Yau volume V and the orbifold size R = √ g 55 (both averaged over the orbifold), the axion χ = A 5 and the two-form B µν = C 11µν .
The latter can, in four dimensions, be dualised to a scalar σ. for k = 1, 2, 5. Recall that α 5 is the five-brane charge defined in Eq. (3.9). The moduli Kähler potential for the superfields S, T and Z can now be found by a reduction of the five-dimensional action (4.1) on the domain-wall vacuum state. This leads to 8) confirming the earlier result [25] which was obtained by somewhat different methods. We note that the component form (5.6) of the superfields allows a direct interpretation of this Kähler potential and the resulting moduli field dynamics in five-dimensional terms. From the non-trivial structure of the domain-wall, it is possible to compute loop-corrections of order ǫ S to the kinetic terms of the moduli. However, we did not succeed in finding the complex structure and the associated corrected Kähler potential when those corrections were included. It is conceivable that this computation is beyond the range of validity of the five-dimensional theory. This is supported by the observation that the Z-dependent part in the above Kähler potential (5.8) is already suppressed by ǫ S ∼ R/V relative to the S-dependent part. This suggests that corrections are already of order ǫ 2 S and, therefore, beyond the linear level up to which the five-dimensional theory can generally be trusted.
The gauge kinetic functions for the gauge fields A 1 and A 2 from the orbifold fixed planes turn out to be f 1 = S − q 2 T − 2q 5 Z (5.9) 10) again in agreement with Ref. [15, 25] . We note that the threshold terms proportional to T and Z arise as a direct consequence of the domain-wall structure. In fact, the correction is entirely due to the non-trivial orbifold dependence of the dilaton in Eq. 
